We present a scheme for coherently manipulating quantum states of photons by incorporating multiple photonic modes in a system with long-range interactions. The presence of nonlocal photon-photon interactions destroys the energy or momentum matching conditions between distinct propagating polaritons, and consequently gives rise to blockaded effective coupling between the corresponding polaritons. Such a blockade mechanism protects the system from interaction-induced dissipations and enables highly tunable few-photon nonlinearities. Taking Rydberg atomic ensemble as an example, we illustrate several intriguing phenomena based on the proposed scheme, e.g., the deterministic generation of entangled photon pairs, the nonlinear beam splitting, as well as the establishment of a tunable dressed interaction between individual photons.
I. INTRODUCTION
Strong interactions between light quanta or photons can provide effective control of their quantum states [1] . Significant progresses have been made towards realizing strong photonic nonlinearities [1] [2] [3] , which cultivated the development of research fields ranging from quantum information processing [4] [5] [6] to simulating many-body physics [7] [8] [9] [10] . One feasible realization employs strong coupling between highly localized single photons and a single quantum emitter to generate local Kerr nonlinearity [11] [12] [13] [14] . Alternatively, effective long-range interactions can be realized by coupling propagating photons to atomic vapor ensembles [2, 3] or atomic arrays in waveguide QED systems [15, 16] .
A widely discussed scheme for strong and nonlocal optical nonlinearity is based on electromagnetically induced transparency (EIT) inside a medium of Rydberg atoms [17] [18] [19] [20] [21] [22] . The nonlinearity in this system arises from EIT blockade where a multi-photon input destroys the EIT condition [17] , and gives rise to a variety of desirable features [19] [20] [21] [22] [23] [24] . Most of the earlier studies involve one type of photonic mode, inevitably limiting the scopes and capabilities of photonic information processing. In addition, unavoidable dissipation associated with EIT blockade can cause spatial decoherence to the lone phontic mode, which erects a performance bottleneck for several key applications [25, 26] .
We show in this work that by incorporating additional photonic modes and long-range photon-photon interactions, flexible and coherent manipulation of photonic quantum states can be carried out with high fidelities. In contrast to the pioneering proposal of Ref. [27] based on interaction caused polariton mode conversion, our scheme makes use of mode conversion blockade from interaction caused mismatches. Photonic polaritons satisfying energy and momentum matching conditions can ef- * ycliu@mail.tsinghua.edu.cn † lyou@mail.tsinghua.edu.cn fectively couple to one another during propagation [28] . The presence of strong and long-range photonic interactions destroys the matching conditions, and consequently causes multi-excitations of the nonlinear modes to be blockaded. The subsequent evolution thus restricts the system to an interaction-free subspace, immune to interaction-induced dissipations. Such a blockade mechanism enables the flexible control of few-photon nonlinearities, and facilitates a variety of quantum information protocols, as discussed below.
II. A GENERIC MODEL
In this section, we build up a generic model to describe the basic blockade mechanism, which is not restricted to specific realizations. To illustrate our idea, we first consider two counterpropagating photons, Appendix A details the case for copropagating. Four photonic polariton fields are involved, of which the two forward (backward) propagating ones are described by their slowly-varing operatorsΨ a+ (z) andΨ b+ (z) [Ψ a− (z) andΨ b− (z)], with µ ± (µ = a, b) denoting specific polariton modes. Modes a ± and b ± are linearly coupled. Photons in modes a + and a − interact nonlocally, while photons in all other modes are assumed noninteracting. The Hamiltonian of our model takes the formĤ =Ĥ 
Ψ µ+ν− (z 1 , z 2 , t) = 0|Ψ µ+ (z 1 )Ψ ν− (z 2 )|ψ(t) . Defining center-of-mass and relative coordinates R = (v − z 1 + v + z 2 )/(v + + v − ) and ρ = z 1 − (v − /v + )z 2 , and moving into the retarded time frame with τ = t − ρ/v eff , ξ = t, and v eff = (v 
is the two-photon wavefunction in the rotating frame, and the effective Hamiltonian becomes
(5) The potential V(r) is in general a function of both τ and ξ. However, if the long-range interaction is strong enough to meet the condition |V| ≫ g ± , v ± |∆k ± | for all r within the range of the wavefunction, the conversion ofΨ a+b− andΨ b+a− toΨ a+a− will both be blockaded due to the large energy detuning (or momentum mismatch), irrespective of the exact value or form of V. This coupling blockade for propagating photons arises with long-range interaction, which forbids multi-excitations of the nonlocal nonlinear mode, with its desirable features reminiscent of the widely discussed Rydberg blockade [29] [30] [31] .
III. BLOCKADE MECHANISM IN RYDBERG EIT SYSTEMS
Various approaches for realizing strong nonlocal interaction between individual photons are discussed [15] [16] [17] . In this study, we adopt the Rydberg EIT implementation [17] with mode a ± the dark state polariton (DSP)Ψ a± (z) = cos θÊ a± (z) − sin θŜ a± (z), a superposition of electromagnetic fieldÊ a± (z) and Rydberg spinwave fieldŜ a± (z), with tan θ = g p /Ω, g p the collective atom-photon coupling strength, and Ω the Rabi frequency of the control field [32] . The van der Waals interaction V (r) = C 6 /r 6 between the Rydberg spin-wave componentsŜ a± (z) can induce strong and long-range interactions between DSP modes a + and a − [2] .
We present two practical implementations for constructing the linear coupling Hamiltonian. (i) In the photonic coupling scheme shown in Figs. 1(a) and 1(b), we takeΨ b± (z) =Ê b± (z) to be an electromagnetic field of a linear slow-light mode andΨ a± (z) to be a nonlinear DSP that for example can be produced in a hollow-core waveguide filled with Rydberg atoms [33] [34] [35] [36] [37] . The beamsplitting coupling g ± sec θÊ † a± (z)Ê b± (z) + H.c. can be obtained from overlapping their evanescent fields. (ii) For the atomic coupling scheme shown in Figs. 1(c) and 1(d), Ψ b± (z) represents a linear DSP composed of σ + photonic fieldÊ ± (z) and ground state spin wave fieldŜ b± (z), and Ψ a± (z) denotes a nonlinear DSP as a superposition of σ − photonic fieldÊ ± (z) and Rydberg spin waveŜ a± (z). The linear coupling g ± csc 2 θŜ † a± (z)Ŝ b± (z) + H.c. can be controlled by the external field Ω c . In the slow-light regime, influences of coupling to bright state polaritons (BSPs) in the above two schemes are negligible. For simplicity, we assume that mode a ± and b ± propagate with matched group velocities, while a small mismatch does not significantly influence the coupling between them for short operation time (see Appendix D).
In the conventional EIT blockade [17] , a dispersive photonic interaction can be established by using a large single-photon detuning ∆, which, however, results in a large group velocity dispersion and can limit the performance of related applications [38] . For this reason, we take ∆ = 0 in this work, where the induced interaction between nonlinear DSPs is highly dissipative. With the proposed blockade mechanism, we can transform such a dissipative interaction into a dispersive one, and achieve coherent manipulations of photonic quantum state.
To clarify the blockade mechanism, we take the backward photon to be a stored gate photon (g − , v − = 0). In the Rydberg EIT implementation, this can be achieved by takingΨ a− (z) =Ŝ − (z) to be a stored spin wave of an auxiliary Rydberg state. The parameters for the forward target photon are g + = g, v + = v, and ∆k + = 0.
For photonic coupling scheme, the spatial modulation of g is considered, i.e., g = g(z). The corresponding dynamics can be described by the two-photon wavefunction E a S = 0|Ê a+ (z 1 )Ŝ − (z 2 )|ψ(t) and E b S = 0|Ê b+ (z 1 )Ŝ − (z 2 )|ψ(t) , which in the frequency domain, to the lowest order of frequency ω, are governed by
, and v = c cos 2 θ. In the absence of interaction (V = 0), the coupling between E a S and E b S is momentum-matched. With the interaction V = 0, the strong dissipative interaction 
. Thus, the strong interactioninduced dissipations are suppressed.
For atomic coupling scheme, the temporal modulation g = g(t) is chosen. In this case, we introduce two-photon wavefunctions Ψ µ S, Φ µ S, P µ S to describe DSP, BSP, and the excited state field of mode µ + (µ = a, b). Given a V , the dynamics can be described in the momentumspace (transforming from z 1 to k). Up to the first order of k, the equations of motion are approximately given by
, and the effective potential V(k) is a matrix of k (see Appendix B). For the noninteracting case, Eq. (7) describes an energy resonant coupling between Ψ b S and Ψ a S. With a strong interaction V , the dynamics ofψ governed byV(k) carry dissipative component. However, if the energy detuning induced byV(k) (∼ V sin 2 θ) is much stronger than the coupling induced byĝ (∼ g), the coupling between Ψ b S and the interacting spaceψ can be successfully blockaded, with the range characterized by the coupling blockade radius r b defined as V (r b ) sin 2 θ = 2g (to be distinguished from z b ). Inside r b , the dynamics can be described in the Ψ b S space with hardly modified eigen energy and group velocity, where interaction-induced dissipations are largely suppressed.
For spatial and temporal modulation of the coupling considered above, blockade originates respectively from the interaction caused momentum-mismatch and energy off-resonance. We will focus on temporal modulation with atomic coupling scheme in this study, since it supports richer applications (see Appendix C). In this case, the coupling g is turned on when two photons are close to each other, and is turned off before they completely separate. Thus, for photons with compressed pulse length σ, an ideal blockade requires σ + 1 2 (v + + v − )t < r b (which reduces to σ < r b for copropagating photons), as otherwise photons separated by more than r b apart do not feel the blockade. Since EIT displays a finite transparency window, a smaller σ will cause a proportionally larger linear loss. This leads to a tradeoff between ideal blockade and linear loss, which can be relaxed by increasing the blockade optical depth d b = g Although we focus on Rydberg EIT system, the extension to other photonic systems with long-range interactions is straightforward, e.g., waveguide QED systems [15, 16] . In fact, the specific forms of interactions depend on implementations, but the generic form of Eq. (3) applies, as long as the coupling between the interaction-free subspace and Ψ a+,a− is blockaded (because the interacting detail of Ψ a+,a− becomes unimportant in this case). Thus, we will use the generic model to illustrate the basic physics in the next section, while in numerical simulations we consider the full dynamics governed by complete Rydberg EIT coupled equations (see Appendix B).
The calculations are based on solving a set of coupled one-dimensional partial differential equations for twoparticle wavefunctions. In the simulation, we assume a uniform atomic density and a square pulse of the coupling field Ω c (t) for simplicity. We also neglect the spontaneous decay or dephasing of the Rydberg spin-wave field, since the propagation time inside the atomic ensemble is small enough (see Appendix D).
IV. APPLICATIONS
A. Single-photon quantum switch
As in the previous section, if we take the backward photon to be a stored gate excitation, the equation of motion described by the generic model now reduces to
In the absence of V, the forward photon undergoes complete Rabi oscillation between mode a + and b + . As explained previously, if |V(r)| ≫ g is satisfied for all r within the spread range of the photon, the coupling between b + and a + becomes blockaded everywhere. Such a phenomenon can be used to implement a single-photon optical switch. For a coupling duration t = π/2g, the target photon in mode b + is transformed to mode a + in the absence of the gate photon. This mode conversion becomes blockaded if the gate photon is present. As shown in Fig. 2 (a), the switching fidelity becomes higher when the blockade radius r b is sufficiently longer compared with σ. Figure 2 (b) displays a typical calculated switching function for r b /σ = 3. At t = π/g, the system functions as a π-phase gate, which gives
B. Entangled state generation
To generate entanglement between two photonic modes, we take a − and b − to be backward propagating modes of a + and b + with v ± = v, ±∆k ± = ∆k, and g ± = g. Introducing the symmetric wavefunction Ψ s = Ψ a+b− +Ψ b+a− / √ 2, the Hamiltonian for the generic model reduces to
and the state is given by ψ = Ψ a+a− ,Ψ s ,Ψ b+b− T . As explained previously, strong interaction can block the excitation of Ψ a+,a− , so that photons initially residing in state |b + , b − can be efficiently transferred to an entangled state |Ψ s = (|a
For the initial stateΨ b+b− (R, r, t = 0) = Ψ 0 (R, r), the state evolution is given byΨ s (R, r, t) = −iΨ 0 (R, r − 2vt) sin( √ 2gt), andΨ b+b− (R, r, t) = Ψ 0 (R, r−2vt) cos( √ 2gt), which corresponds to a Rabi oscillation between the initial and the entangled state at an enhanced rate √ 2g, in agreement with numerical results shown in Fig. 2(c) . Thus, starting with a separable state |b + b − , an entangled photon pair appears with a high fidelity at t = π/2 √ 2g [see Fig. 2(d) ]. Fig. 2(c) .
C. Nonlinear beam splitting
The input photonic state ( 
n |0 containing no photon in mode a and n copropagating photons in mode b with identical wavefunction h(z) is denoted by |0, n . The classical linear beam splitting cou-
When a sufficiently strong |V(r)| ≫ g √ n is present for all |r| σ, multi-excitations are blocked, and the initial state |0, n is only effectively coupled to |1, n − 1 , giving rise to nonlinear beam splitting [see the inset of Fig. 3(a) ]. Tracing out mode b, excitation probabilities for the vacuum |0 a 0 a | and single-photon state |1 a 1 a | are found to be p 0,n = cos 2 ( √ ngt) and p 1,n = sin 2 ( √ ngt), respectively. For an arbitrary incoming state with photon number distribution probability f n , the single photon excitation probability becomes P 1 = n f n p 1,n . For a coherent input of a mean photon numberN (f n =N n e −N /n!) and an operating time t = π/(2 √N g), we find P 1 ≈ 1 − π 2 /(16N ) whenN is large [see Fig. 3(a) ]. Such a nonlinear beam splitting can yield efficient single photon emission from a classical state. Different from the Rydberg EIT absorption protocol which always reduces the state purity [25] , the single-photon quantum state obtained here is pure for ideal blockade. Its second order correlation function g (2) (τ ) for a weak coherent input state at t = π/2g is shown in Fig. 3(b) . As expected, the resulting anti-bunching region is distinguished by the blockade radius r b , and a pulse with σ < r b can thus deterministically generate single-photons.
D. Tunable dressed interaction
Although bare interactions remain for photons populating the interacting two-photon mode, off-resonant couplings with the interacting nonlinear mode can further contribute dressed interactions to the noninteracting linear mode, in the same manner as the Rydberg-dressing [39, 40] . One particular advantage is that in the blockade regime (|V(r < σ)| ≫ g, v∆k), these dressed interactions are uniform within the spread range of the photonic wavefunction. Its strength for no photon populating the interacting mode is
and the strength for only one photon populating the interacting mode is
In the blockade regime, the dressed interaction strength only depends on tunable parameters ∆k and g, which enables the construction of a tunable controlled-phase gate. Figure 4 presents such a plausible implementation with Rydberg EIT system, where in Figs. 4(a)-4(c) , the interaction between two counterpropagating photons initially in the state |b + , b − is considered. Turning on the coupling g when the two photons enter the blockade region and turning it off before they leave, a phase accumulation ∆φ can be obtained. For this nonadiabatic manipulation with moderate dressing (g v∆k), a high-fidelity gate requires a suitably controlled operation time. An alternative choice comes from employing copropagating photons with adiabatic manipulations [Figs. 4(d)-4(f) 
V. SUMMARY
We show linearly coupled photonic systems with longrange interactions can exhibit coupling blockade for propagating photons. Several rudimentary quantum information protocols facilitated by such a blockade are discussed, including single-photon switching, entangled photon-pair generation, efficient single-photon emission, and photonic phase gate. Our proposal can be realized in photonic waveguide [37] or in atomic vapor [41] , and the detailed experimental requirements taking into account the linear EIT loss, imperfect blockade, and group velocity mismatch are discussed in the Appendix D. In addition to photonic quantum state manipulation and their possible extensions to quantum information processing, the mechanism we discuss opens an exciting avenue towards constructing tunable and lossless photon-photon interactions in quantum nonlinear optics. Fan Yang acknowledges helpful discussions with Chuyang Shen, Cheng Chen, Dr. Shen Dong, and Dr. Lin Li.
Appendix A: Equations of motion for counterpropagating and copropagating photons
In this section, we provide a detailed derivation of the Schrodinger-like equations for describing the evolution of the two-photon wavefunctions in the generic model.
In the case of two counterpropagating photons, the model Hamiltonian is described by Eqs. (1)-(3) .
In the Schrodinger picture, the state of the system can be written as
where Ψ µ+ν− (z 1 , z 2 , t) = 0|Ψ µ+ (z 1 )Ψ ν− (z 2 )|ψ(t) denotes a two-photon wavefunction. With the Heisenberg equations (A1)-(A4), the equation of motion for the two-photon wavefunctions becomes
Transforming the wavefunctions into the rotating frame, according to
Eqs. (A6)-(A9) are simplified to
Further introducing center-of-mass and relative coordinates R = (v − z 1 + v + z 2 )/(v + + v − ) and ρ = z 1 − (v − /v + )z 2 , and moving into the retarded time frame with τ = t − ρ/v eff and ξ = t, we can obtain Eq. (5) in the main text. For the case of two copropagating photons, the Hamiltonian of the system isĤ =Ĥ 0 +Ĥ c +Ĥ int , wherê
The state of the system is described by the two-photon wavefunction Ψ µν (z 1 , z 2 , t) = 0|Ψ µ (z 1 )Ψ ν (z 2 )|ψ(t) , i.e.,
Employing the same procedure as developed for the counterpropagating case, the equations of motion in the moving and rotating frame can be simplified to
In the calculations, the fidelity F µν and the phase φ µν to the stateÛ 0 (t, 0)
for two conterpropagating photons (and analogously for two copropagating photons), whereÛ 0 (t, 0) denotes the noninteracting unitary time-evolution operator, and Ψ 0 (z 1 , z 2 ) represents the normalized initial wavefunction (at t = 0). The fidelity F s for the symmetric entangled state is obtained by replacing the wavefunction Ψ µ+ν− (z 1 , z 2 , t) with
Appendix B: Rydberg EIT implementation
In this section, we describe how to map the Rydberg EIT system to the generic model derivated in the previous section. In a Rydberg EIT system [17] , the evolution of light and atomic excitations can be described by bosonic operatorsÊ † a± (z, t),P † a± (z), andŜ † a± (z), which create a photon, an atomic spin-wave in intermediate state |e , and an atomic spin-wave in Rydberg state |r , respectively. We take the dark state polariton to be the interacting mode a ± , i.e.,Ψ a± (z) = cos θÊ a± (z) − sin θŜ a± (z) with tan θ = g p /Ω (see the main text).
To gain the essential physics of the coupling blockade, we first consider the simple case with the target photon stored in an auxiliary Rydberg state, i.e., we takeΨ a− (z) =Ŝ − (z). For the photonic coupling scheme, the coupling between a + and another linear mode b + is obtained through photonic coupling term g sec θÊ † a+ (z)Ê b+ (z) + H.c., and the equations of motion for the field operators are given by
In Eq. (B2), we neglect the Langevin noise terms associated with the decay of the field operatorP a+ (z), since they do not affect the calculation of the two-photon wavefunction [17] . Introducing the two-particle wavefunction as in Appendix A, the state |ψ(t) of the system can be described by ψ(z 1 , z 2 , t) = (E a S, P a S, S a S, E b S) T with each element being a two-particle wavefunction component (e.g., E a S = 0|Ê a+ (z 1 )Ŝ − (z 2 )|ψ(t) ), whose dynamics are governed by
In the photonic coupling scheme, the passive modulation of the coupling g is straighforwardly implemented, i.e., g = g(z). Thus, we solve Eqs. (B6)-(B9) in the frequency domain by applying the Fourier transform of time t, i.e., introducing ψ(z 1 , z 2 , ω) = dte iωt ψ(z 1 , z 2 , t). Up to the first order of ω, the equations of motion simplify to Eq. (6). In the blockade region with |V 0 | ≫ g/v, E b S is only perturbatively coupled with E a S, and the effective dynamics of E b S is governed by
Since V 0 (r) ≈ ig For the atomic coupling scheme, the dynamics of the system shown in Fig. 1(d) in the main text can be described by the field operatorsÊ †
, which create a photon with polarization a, an atomic spin-wave in intermediate state |e − , an atomic spin-wave in Rydberg state |r , a photon with polarization b, an atomic spin-wave in intermediate state |e + , and an atomic spin-wave in ground state |d . The coupling between the nonlinear DSPΨ a+ (z) = cos θ 1Êa+ (z) − sin θ 1Ŝa+ (z) and the linear DSPΨ b+ (z) = cos θ 2Êb+ (z) − sin θ 2Ŝb+ (z) is obtained through atomic coupling term g csc θ 1 csc θ 2Ŝ † a+ (z)Ŝ b+ (z) + H.c. with tan θ 1 = g p /Ω 1 and tan θ 2 = g p /Ω 2 (assuming |e + and |e − are of the same hyperfine manifold). The dynamics of these operators are governed by
and the corresponding equations of motion for the two-particle wavefunction are given by
In the atomic coupling scheme, the active modulation of the coupling g is available, i.e., g = g(t). Thus, we can solve Eqs. (B18)-(B23) in the momentum space by applying the Fourier transform ψ(k, z 2 , t) = dz 1 e −ikz1 ψ(z 1 , z 2 , t). Following Ref. [8] , we set V as a constant to see how the blockade works in this case, while in the numerical simulation V is taken to be position-dependent rigorously. Introducing the bright state polaritons (BSPs)Φ a+ (z) = sin θ 1Êa+ (z)+ cos θ 1Ŝa+ (z) andΦ b+ (z) = sin θ 2Êb+ (z) + cos θ 2Ŝb+ (z), the evolution of the two-photon wavefunction ψ(z 1 , z 2 , t) = (Ψ a S, Φ a S, P a S, Ψ b S, Φ b S, P b S)
T in k-space is governed by i∂ t ψ = Hψ, with H given by
(B24) In the above, the small coupling −g cot θ 2 between Ψ a S and (Φ b S, P b S) can be neglected in the slow-light regime (cos θ 1/2 ≪ 1), and Ψ b S decouples with (Φ b S, P b S) up to the first order of k. Thus, (Φ b S, P b S) can be dropped out of the dynamics if we neglect the linear loss ofΨ b+ (z), and the corresponding equations of motion reduce to
, and the effective potentialV(k) iŝ
For the noninteracting case (V = 0), Ψ a decouples with (Φ a S, P a S) up to the first order of k, and the coupling between Ψ b S and (Φ a S, P a S) is negligible in the slow- = 0.8r b ) . The parameters are the same as in Fig. 2 in the main text. light regime, so that Eq. (B25) can be simplified to
For the interacting case (V = 0),V(k) is not diagonal, and the DSP field Ψ a S is strongly coupled with Φ a S and P a S at V ≈ −g 2 p /(ck), which induces strong dissipative dyanmics of Ψ a S. In general, the coupling between Ψ b S andψ can be characterized by the modified eigen state Ψ b S ′ through exact diagonalization (ED) of the Hamiltonian in Eq. (B25), which is a linear superposition of Ψ b S andψ, i.e., Ψ b S ′ = sin βΨ b S + cos βŵ †ψ , withŵ being a weight matrix. The ideal blockade requires sin β ≈ 1, and a smaller sin β indicates a less effective blockade. In the slow-light regime, the eigen energy of Ψ a S is characterized by V = V sin 2 θ 1 , and thus the weight can be approximately expressed as
which is verified by rigorous results from ED [see . Next, we consider the interaction between two propagating photons. We take counterpropagating photons with atomic coupling scheme as an example, while the generalization to the copropagating case and photonic coupling scheme is straightforward. For simplicity, we drop the field operatorsΦ b± (z) andP b± (z) out of the dynamics. As explained previously, this corresponds to neglecting the linear loss ofΨ b± (z), which is valid as long as the linear loss is small during the operation time. In this case, the equations of motion for the field operators are given by
where g ′ ± = g ± csc θ 1 , δ is the two-photon detuning (∆k ± = δ/v), and v = c cos 2 θ represents the group velocity of the linear DSP field. Introducing the twoparticle wavefunction, the state |ψ(t) of the system can be described by ψ(z 1 , z 2 , t) = (EE, EP, ES, EB, P E, P P, P S, P B, SA, SP, SS, SB, BE, BP, BS, BB)
T ,
with each element being a two-particle wavefunction component (e.g., BS = 0|Ψ b+ (z 1 )Ŝ − (z 2 )|ψ(t) ). The equation of motion is determined by i∂ t ψ(z 1 , z 2 , t) = H(z 1 , z 2 , t)ψ(z 1 , z 2 , t), where the effective Hamiltonian H is given by coupling. Spatial modulation is straightforwardly implemented in the photonic coupling scheme [see the upper panel of Fig. 6(a) ], while temporal modulation can be achieved by varying the intensity of the control field in the atomic coupling scheme [see the lower panel of Fig. 6(a) ]. The temporal modulation of g can also be realized in the photonic coupling scheme by adopting photonic transition approach [42] or photonic Raman process [43] , with the coupling controlled by refraction index modulation.
In fact, for spatial modulation of the coupling constant, the momentum (wave-vector) of the photon is not conserved, while the energy (frequency) of the photon remains conserved. The situation is reversed for temporal modulation. Thus, for spatial modulation, the coupling blockade originates from interaction induced large momentum mismatch [see Fig. 6(b) ], i.e., |g Spatial modulation assisted coupling blockade can also be used for single-photon switching, but is not suitable for applications including entanglement generation or quantum beam splitting unless σ ≪ L. This is due to the nonlocal property of the photon. Taking two counter propagating photons as an example, for the coupling region of length L [as shown in Fig. 6(d) ], the separable two-photon wavefunction is coupled with entangled wavefunction only when {(−L/2 < z 1 < L/2)||(−L/2 < z 2 < L/2)} (the pink region). For the wavefunction along path I, the initial separable two-photon wavefunction can be efficiently transformed to entangled state, while the wavefunction along path II propagates in regions where only one photon feels the nonzero couplings (gray region) for most of the time and thus entanglement cannot be efficiently generated.
Appendix D: Experimental considerations
In this section, we discuss necessary conditions for the experimental observation of our proposed scheme, mainly concerning by the trade-off between ideal blockade and linear EIT loss.
For DSPs with compressed pulse length σ and group velocity v g , the bandwidth of the signal is ∆ω ≈ v g /σ. The loss caused by finite EIT transparency window contains two parts: the loss during the conversion between free space photon and DSPs over the length scale σ; and the loss during the operation time g −1 over the length scale v g /g, which are respectively given by
The above equation together with the introduction of coupling blockade radius r b defined by C 6 /r 2 b = 2g and EIT blockade radius z b defined by C 6 /z
2 ) 1/6 z b , which gives
where d b = g 2 p /(γc)z b characterizes the usual blockade optical depth [17] .
As mentioned in the main text, ideal coupling blockade requires r b > σ. Thus, for a fixed blockade optical depth d b , Eq. (D2) indicates that there is a trade-off between the ratio r b /σ and the linear EIT loss ξ + η, i.e., less loss would lead to worse blockade. In fact, a large optical depth d b can reduce the loss to acceptable values while keeping the coupling blockade nearly perfect, e.g., for ξ = 5% and η = 3%, d b = 15 can ensure r b > σ.
Restricting η to be 2.5%, we plot the operation fidelity F s of the produced entangled state (see Sec. IV B) versus the linear EIT loss ξ for different blockade optical depth. As shown in Fig. 7(a) , the increase of the linear EIT loss results in a better operation fidelity (the fidelity during the operation process, not the total fidelity), and a higher d b yields a higher F s for a fixed linear EIT loss. Thus, to achieve a high total fidelity, a higher blockade optical depth is preferred. The increase of blockade optical depth d b can be achieved by using higher-lying Rydberg states, increasing the atomic density, and reducing the transverse area of the photonic mode. In the main text, we use a large coupling constant g p = 20 GHz, corresponding to d b = 38.46. Such a strong atom-photon coupling can be achieved by using a Bose-Einstein condenstate with an atomic density N ∼ 10 14 cm −3 . Another requirement arises from the finite life time τ r of the Rydberg state. To ensure nearly lossless Rydberg excitation, the time duration for propagation inside the atomic ensemble should be much smaller than τ r , i.e., t ∼ σ/v g + 1/g = (1/ξ + η/ξ 2 )γ/Ω 2 ≪ τ r . For γ/2π = 3 MHz and Ω/2π = 5 MHz used in the main text, ξ = 5% and η = 3% gives t ≈ 0.6 µs, which meets the requirement as it is shorter than the typical life time τ r of the Rydberg polariton (usually up to several microseconds [10] ).
We also consider the influence of the group velocity mismatch on the blockade effect. The group velocity mismatch between the dark state polaritonΨ a± (z) [group velocity being v g = cΩ 2 /(g 2 p + Ω 2 )] and linear light polaritonΨ b± (z) (group velocity being v) is defined as ∆v = v −v g . Intuitively, the influence of the group velocity mismatch is determined by the quantity ∆vt/σ, i.e., a larger ∆vt/σ suggests a larger separation of the photonic wavefunction in different modes. We plot F s for different values of v [other parameters are the same as in Fig. 2 (c) in the main text] in Fig. 7(b) . If ∆v/gσ ≪ 1 is satisfied, the oscillation visibility remains high during the operation time t ∼ 1/g. For the single-photon switching in the photonic coupling scheme (spatial modulation case), we only need the stored gate photon to be compressed (σ < z b ), and the bandwidth of the target photon can be chosen well within the EIT transparency window. In this case, choosing L = 2z b and gL/v = π/2, the switching fidelity is approximately given by F switch ≈ exp(−2g 2 γc/g 2 p v 2 L) = exp(−π 2 /4d b ) ≈ 1 − π 2 /4d b . Such a quantum switching fidelity has the same scaling on d b as in the novel polariton switching scheme recently proposed [27] . Although the fidelity of our scheme is slightly smaller than [27] in the small d b region, our scheme possesses a larger bandwidth in the large d b region, as the bandwidth of the target photon is not reduced by the strong interaction in the coupling blockade scheme.
For the atomic coupling scheme, we provide here a possible choice of level structures for 87 Rb atoms. In the scheme, one can choose |e + = |5P 3/2 , F = 2, m F = 1 , |e − = |5P 3/2 , F = 2, m F = −1 , |g = |5S 1/2 , F = 1, m F = 0 , |d = |5S 1/2 , F = 2, m F = 0 , and |r = |nS 1/2 , J = 1/2, m J = −1/2 . The coupling Ω c between |d and |r can be constructed using a two-photon process with an intermediate state |5P 1/2 , F = 1, m F = −1 . The z-direction wave-vectors k 1 , k 2 , and k c of the control field Ω 1 , Ω 2 , and Ω c should be tuned to satisfy the phase-matching condition k 1 + k 2 − k c = k − k .
